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In this letter we call into question the perturbatively parity breakdown at 1-loop for the mass-
less QED3 frequently claimed in the literature. As long as perturbative quantum field theory is
concerned, whether a parity anomaly owing to radiative corrections exists or not will be definitely
proved by using a renormalization method independent of any regularization scheme. Such a prob-
lem has been investigated in the framework of BPHZL renormalization method, by adopting the
Lowenstein-Zimmermann subtraction scheme. The 1-loop parity-odd contribution to the vacuum-
polarization tensor is explicitly computed in the framework of the BPHZL renormalization method.
It is shown that a Chern-Simons term is generated at that order induced through the infrared sub-
tractions – which violate parity. We show then that, what is called “parity anomaly”, is in fact a
parity-odd counterterm needed for restauring parity.
PACS numbers: 11.10.Gh, 11.15.-q, 11.15.Bt, 11.15.Ex
I. WARM UP: THE MASSLESS QED3 AT 1-LOOP
It has been frequently addressed in the literature, since the work of Ref.[1], that even perturbatively, parity is broken
in massless QED3, such a breaking being achieved by a Chern-Simons term that appears in the 1-loop contribution
to the vacuum-polarization tensor (Πµν1reg) through the use of the Pauli-Villars (PV) regularization scheme:
Πµν1reg(p) = −
e2
16
ηµνp2 − pµpν√
p2
+ i
e2
2π
ǫµνρpρ lim
M→∞
M
|p|
arcsin
|p|√
p2 − 4M2
. (1)
The only superficially divergent 1-loop graphs present in massless QED3 are the vacuum-polarization tensor (Π
µν
1 )
and the massless fermion self-energy (Σ1), with their degree of divergence given by δ(Π1) = 1 and δ(Σ1) = 0,
respectively. In spite of their na¨ıve degree of divergence, they are in fact finite, the 1-loop Feynman graphs give rise
only to Speer-type integrals which do not develop poles in the analytic continuation from d→ 3 [2–4].
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2The 1-loop Feynman graphs for the vacuum-polarization (in the Feynman gauge) and the fermion self-energy are
given by:
Πµν1 (p) = −Tr
∫
d3k
(2π)3
ieγµ
[
i
/k
k2
]
ieγν
[
i
/k − /p
(k − p)2
]
, (2)
Σ1(p) =
∫
d3k
(2π)3
ieγµ
[
i
/k
k2
]
ieγν
[
−i
ηµν
(k − p)2
]
. (3)
At this point it should be stressed that neither gauge invariance nor parity are broken by dimensional regularization
(DR) [4, 5]:
Πµν1 (p) = −
e2
16
ηµνp2 − pµpν√
p2
and Σ1(p) =
e2
16
/p√
p2
. (4)
Therefore, some claims found in the literature that Pauli-Villars regularization must be used because it does not
break gauge invariance, contrary to the dimensional regularization case, are not true in the light of perturbation
theory for massless QED3. Moreover, Pauli-Villars breaks parity, dimensional regularization does not, both preserve
gauge invariance, which of them is more suitable in the quantization of the massless QED3? Such a question makes
no sense if both schemes are properly used. Fortuitous breakings of gauge symmetry happens when there is no
invariant regularization scheme available, however, the Quantum Action Principle [6–8] guarantees that they can
be completely eliminated, when gauge anomaly is absent, by the introduction of noninvariant local counterterms at
each perturbative order. The use of DR is quite well analized by Delbourgo and Waites for the three-dimensional
QED3 [4]. Pimentel and Tomazelli ask in Ref.[9], “what’s wrong with Pauli-Villars regularizarion in QED3?”, there
they present the correct use, which has to satisfy some necessary consistency conditions, of PV regularization in three
space-time dimensions. The important issue of “how superrenormalizable interactions cure their infrared divergences”
is analized by Jackiw and Templeton [10]. As will be shown in a subsequent work [11], through the use of the algebraic
renormalization method [8], the massless QED3 is in fact perturbatively finite
1, no regularization scheme is required
at all. Furthermore, an anomaly is not an ambiguity, it does not depend on which kind of regularization scheme is
made use of.
II. BPHZL: 1-LOOP VACUUM POLARIZATION
In order to clarify the matter in an unambiguous way, we will perform an explicit 1-loop computation in the
Zimmermann’s momentum space subtraction scheme – BPHZ [13], which doe not use any regularization procedure.
Due to to the presence of massless fields (ψ and Aµ), the momentum subtraction scheme modified by Lowenstein and
Zimmermann – BPHZL [14] – has to be adopted in order to deal with the infrared (IR) divergences that otherwise
would arise in the process of ultraviolet (UV) subtractions.
The action for the massless QED3 (ΣQED3), with the gauge invariant BPHZL mass terms added, is given by:
Σ(s−1) =
∫
d3x
{
−
1
4
FµνFµν +
µ
2
(s− 1)ǫµνρAµ∂νAρ + iψ /Dψ −m(s− 1)ψψ −
1
2α
(∂µA
µ)2
}
, (5)
where /Dψ ≡ (/∂ + ie /A)ψ and e is a dimensionful coupling constant. The BPHZL parameter s lies in the interval
0 ≤ s ≤ 1 and plays the role of an additional subtraction variable (as the external momentum) in the BPHZL
renormalization program. The massless theory is revored by putting s = 1 at the end of the calculations. At the
classical level, the massless classical action for QED3 is recovered for s = 1:
ΣQED3 = Σ
(s−1)|s=1 . (6)
Let us now establish some conventions and useful identities necessary to compute the 1-loop parity-odd contribution
to the vacuum-polarization tensor:
ηµν = diag(+ −−) , γ
µ = (σx, iσy,−iσz) ,
{γµ, γν} = 2ηµν1 , γµγν = ηµν1+ iǫµνργρ ,
ǫµαρǫνβρ = δ
µ
ν δ
α
β − δ
µ
βδ
α
ν and Tr(γ
µγνγρ) = iǫµνρ1 . (7)
1 The authors of [4] have already drawn attention to that and to the absence of a parity anomaly as well, this was also pointed out by
Rao and Yahalom [12].
3For our 1-loop computations we need the fermion propagator, it reads
〈
ψ(k)ψ(k)
〉
= i
/k +m(s− 1)
k2 −m2(s− 1)2
. (8)
The 1-loop vacuum-polarization tensor, Πµν1 (p, s):
Πµν1 (p, s) =
∫
d3k
(2π)3
Iµν1 (p, k, s)
= −e2Tr
∫
d3k
(2π)3
γµ
/k +m(s− 1)
k2 −m2(s− 1)2
γν
/k − /p+m(s− 1)
(k − p)2 −m2(s− 1)2
, (9)
has the following UV and IR subtraction degrees, δ(Π) = 1 and ρ(Π) = 1, respectively.
In the BPHZL scheme the subtracted integrand, Rµν1 (p, k, s), is written in terms of the unsubtracted one, I
µν
1 (p, k, s),
as
Rµν1 (p, k, s) = (1− t
0
p,s−1)(1− t
1
p,s)I
µν
1 (p, k, s)
= (1− t0p,s−1 − t
1
p,s + t
0
p,s−1t
1
p,s)I
µν
1 (p, k, s) , (10)
where tdx,y is the Taylor series about x = y = 0 to order d if d ≥ 0.
Thus, for our purposes, by assuming s = 1, the subtracted integrand, Rµν1 (p, k, s), reads
Rµν1 (p, k, 1) = I
µν
1 (p, k, 1)︸ ︷︷ ︸
parity−even
− Iµν1 (0, k, 1)︸ ︷︷ ︸
parity−even
− pρ
∂
∂pρ
Iµν1 (0, k, 0)︸ ︷︷ ︸
parity−odd terms
, (11)
where
Iµν1 (p, k, s) = −e
2Tr γµ
/k +m(s− 1)
k2 −m2(s− 1)2
γν
/k − /p+m(s− 1)
(k − p)2 −m2(s− 1)2
, (12)
Iµν1 (p, k, 1) = −e
2Tr γµ
/k
k2
γν
/k − /p
(k − p)2
, (13)
Iµν1 (0, k, 1) = −e
2Tr γµ
/k
k2
γν
/k
k2
, (14)
pρ
∂
∂pρ
Iµν1 (0, k, 0) = −e
2Tr γµ
/k −m
k2 −m2
γν
[
−
/p
k2 −m2
+ 2p · k
/k −m
(k2 −m2)2
]
. (15)
Bearing in mind that in the intermediary steps of the BPHZL subtraction scheme parity is explicitly broken, when
s = 0 is assumed, a Chern-Simons term could be expected as a parity-odd 1-loop counter-term due to the parity-
noninvariant nature of the BPHZL renormalization scheme. In fact, such a CS term, generated at the 1-loop correction
to the vacuum-polarization tensor, arises in the process of IR subtractions performed so as to subtract IR divergences
induced by the UV subtractions.
The parity-odd contribution, Rµν1odd(p, k, 1), stemming from the subtracted integrand, is given by
Rµν1odd(p, k, 1) = e
2m ǫµνρpρ
1
(k2 −m2)2
. (16)
Then, the parity-odd 1-loop subtracted (finite) vacuum-polarization tensor, Π
µν(sub)
1odd (p, 1), reads
Π
µν(sub)
1odd (p, 1) = e
2m ǫµνρpρ
∫
d3k
(2π)3
1
(k2 −m2)2
= i
e2
8π
m
|m|
ǫµνρpρ . (17)
The appearence of this contribution may however be compensated by adding to the action a gauge invariant local
Chern-Simons counterterm:
e2
8π
m
|m|
∫
d3x ǫµνρAµ∂νAρ . (18)
4Therefore, there is no parity-odd 1-loop contribution to the vacuum-polarization tensor Π
µν(sub)
1 (p, 1).
III. CONCLUSION
In the BPHZL renormalization scheme used in the present work, the odd term (17) appears as a consequence of
the IR subtractions, performed at s = 0, which explicitly break parity. However, as we have seen, we can remove
it through the introduction of a Chern-Simons local counterm and thus recover parity symmetry. This is more an
illustration of the restablishing of a symmetry which has been broken by the subtraction or regularization procedure
used. This is well known for the case of continuous symmetry [7, 8]. To the best of our knowledge, this is new for a
discrete symmetry.
In short, such a Chern-Simons term could never be interpreted as a “parity anomaly”. We thus conclude that no
parity anomaly exists perturbatively in massless QED3.
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